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ABSTRACT: The interrelation between Ferreira’s Hopf solitons of a conformal nonlinear
o model and the electromagnetic knots found by Ranada et al. is investigated. It is
shown that the electromagnetic knots yield exact solutions of the conformal nonlinear o
model different from those obtained by Ferreira. Conversely, It is discussed that Ferreira’s
solutions realize magnetic knots. The energy associated with these two kinds of knots are
compared. The structure of the electric charge distribution and the electric current density
associated with the magnetic knots is investigated.
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1 Introduction

Recently, the electromagnetic knots have attracted much attention [1-3]. They are the
solutions of the Maxwell equations in the vacuum possessing knot structures. As every
physicist knows, the Maxwell equations in the vacuum are given by

9, F* =0, 9,F" =0, (1.1)
where F),, and Fr are defined by
~ 1
Fu =0,A, —0,A,, FM = iswﬁFaﬁ (1.2)

in terms of the 4-potential A,. Here e*” o8 is the totally anti-symmetric Levi-Civita tensor.
They might be important in plasma physics and fluid dynamics. Besides theoretical inter-
ests, it was discussed that the electromagnetic knots might be the origin of the phenomenon
of ball lightning [4-6].

On the other hand, Ferreira [7] succeeded in obtaining the 3 + 1 dimensional solutions
of a model, which we refer to as the conformal nonlinear o model (CNLSM) in this paper,
for a complex scalar field. It is expected that the CNLSM has connections to the low
energy limit of the Yang-Mills theory and the Skyrme-Faddeev model [8, 9].

Because of the conformal symmetry of the electromagnetism and the CNLSM, the
solutions of both theories can involve a parameter specifying the space-time scale and
the energies associated with these solutions are proportional to the inverse of this scale
parameter. Therefore they cannot be energetically-stable configurations. The solutions of
both theories, however, can be topologically-stable in the sense that conserved topological
numbers can be defined for them.

Two Hopf indices are defined for an electromagnetic knot, while a single Hopf index is
defined for a solution of the CNLSM.

The Lagrangian density of the CNLSM is given by [7]

1

Lrp = 1

H, H", (1.3)



where H,,, is defined by

1 1 (0udyu* — dyud,u*)
H,, = gn (Oun x Oym) = =L (Vl - uu:)2 . (1.4)
Here n denotes a point on S?
3
n = (nl,nQ,ng), n2:n-n:Zn“n“:1 (1.5)
a=1

which is related to the complex field v by the stereographic projection

(u+u*, —i(u —u*),uu” —1) or u:w. (1.6)

n=-————
1+ wu* 1—n3

Regarding v and u* as the fundamental fields, the field equations are given by
Oy (H"0yu) =0, 0, (H"O,u")=0. (1.7)

In this paper, we discuss that these two theories can cross-fertilise each other. We show
that the electromagnetic configurations discussed in the theory of electromagnetic knots
supplies us with a new class of solutions of the CNLSM different from those obtained by
Ferreira.

Conversely, we show also that Ferreira’s solution of the CNLSM, which we hereafter
refer to as F-Hopfions, supplies us with a class of exact magnetic knot configurations in
some electric charge and current distributions. We investigate the electric field, magnetic
field, electromagnetic energy, electric charge density and the electric current density which
arise from F-Hopfions. If we adopt the same scale parameter in the simplest nontrivial
examples of the two theories, it turns out that the energy of the electromagnetic field
obtained from F-Hopfion is equal to the half of that of the configuration discussed in the
theory of electromagnetic knot.

This paper is organized as follows. In section 2, we first discuss that F-Hopfions are the
3 4 1-dimensional generalizations of the Hopf fibration. We then compare the simplest F-
Hopfion with the configuration of the complex scalar fields appearing in the electromagnetic
knots. We next obtain new solutions of the CNLSM which are different from F-Hopfions.
In section 3, we investigate the electromagnetism implied by F-Hopfions. It corresponds to
the electromagnetism not in the vacuum but in non-vanishing electric charge and current
distributions. We discuss some properties of them. The final section is devoted to summary.

2 F-Hopfion and Hopf fibration

Guided by the invariance of CNLSM under the conformal group SO(4,2) of the four-

dimensional Minkowski space-time [10], the following variables Y, (, ¢ and £ are introduced

in [7]. Expressing (2%, 2!, 22, 2%) as (t,z,y, 2), they are defined by

. a . ¢ a cos a sinp aS, ¢ Y
= —sin(, r=-——, =———, z=—sinéy/ ——,
pvizy YT pViry P 1+v

p = cos( —cos& (2.1)

14+Y’



where a is an arbitrary constant parameter of the dimension of length which fixes the
space-time scale. For simplicity we hereafter set a = 1. Then we have

2
(1+5%)" + 422 Yy 2t 2z
Y = 17 , tango:;, tan ¢ = [ tan§:—m.
s =12 —r? r? = p? + 2%, p? =+t (2.2)
It is striking that the Ansatz
1— .
u = —gel‘:D’ 9= g(Y)7 ¢ = ¢(§7 2 C) = m1§ + map + m3<7 (23)

9

with m1, mo, m3 being integers and m +meo +mg being an even integer is compatible with
the field equation and the single-valuedness of u [7].

Under the Ansatz (2.3), the field equation (1.7) is reduced to a linear ordinary differ-
ential equation

d dg\ _ 2 2 2

The solutions of this equation can be classified by the 2pargmle;cers A and b defined by
A = ﬁ [((m1 +m3)? —m3] [(m1 —mg)? —m3] b = AT and the Hopf index of
2

the solution was calculated to be Qg = mima[g(0) — g(o0)] [7].

2
2ms

We first discuss the simplest nontrivial case (m; = mg = 1, mg = 0) briefly. In this

case, the field equation becomes % [(Y + 1)20‘;—5] = 0. If we adopt the boundary condition
g(0) = 0,g(c0) = 1, we obtain g(Y") Y from which we have

fry Y—H7
ct(é+e) (2.5)
u= . .
VY
We then find
u=1ipy at t=0, (2.6)
where ¢ is the Hopf fibration
2(z +iy)
=" 2.
o =3 +i(r2 — 1) (2.7)

In other words, the simplest example of F-Hopfion is a 3 4+ 1-dimensional generalization of
the Hopf fibration. We note that the Hopf index of the above u is equal to —1.

The 3+ 1-dimensional generalizations of ¢ different from the above u are given by [2—
4, 6]

[Ky+t(K —1)] +i(tz — Kx)
™ (K2t ta) +ilK(K — 1) —ty]’

_ i(KZ +tx) +i[Ky +t(K —1)]

(tz — Kz) +i[K(K — 1) — ty]’

K = %(1 _ )= %(ﬂ 24 (2.8)




Although we can introduce the scale parameter a similarly to the case of F-Hopfion, we
consider the case of a = 1 again for simplicity. The remarkable property of the pair (7,
Nm) is that they satisfy

1 5(?7mﬂ7?n) _ 1 8(776,77:)
i(1 4+ nmmy)? 0y, 2) i(14+menz)? Ot x)
L 00e,ms) 1 O(Mm, M) (2.9)
i(1+mnenz)? 0y, 2) i(1+nmmy)? O(t,x) '

We also have the relations obtained by replacing {(y, 2), (t,x)} in (2.9) by {(z,z), (¢t,y)}
and {(z,y), (t,z)}. It is easy to find

Nm = Z¢H, MNe = (i(ﬁH)(:L‘,y,Z)ﬂ(Z,y,—:L‘) at t =0. (210)

They were the starting configurations of the discussion of the electromagnetic knots [2, 3].
Comparing (2.10) with (2.6), we see that the simplest F-Hopfion coincides with 7, at

t = 0. Rewriting n,, and 7. in terms of Y, (, p, &, we have

e — /Yel€ tan ¢
Nm = — — ; (2.11)
VYe i 4 iei¥tan ¢
B ¢ — /Yel€ tan ¢
fle VYe i 4 ie—i¥ tan ¢ '
(‘Tvy7z)*'(zvyvfm)

With the help of (2.9) and the others, it can be readily seen that both 7,, and 7. also solve
the CNLSM. It is clear that neither 7,, nor 7. satisfy Ferreira’s Ansatz (2.3). Thus we
have found new solutions of the CNLSM from the configurations found in the theory of the

(2.12)

electromagnetic knots.

3 Electromagnetism implied by F-Hopfion

As for the electromagnetic knots, the following elctric field E and the magnetic field B

were discussed in [6]:
1 : 1 .
_ 1 Ve x Vi v”;, B = 1 Vi X Viim Vmg_ (3.1)
i (1+nen;) i (14 nmngy)

From the definition (2.8) and the property (2.9), E and B satisfy the Maxwell equations
in the vacuum:

V-B =0, a—B—I—VXE:O,
ot
E
V-E =0, 8——V><B (3.2)
ot
and the constraint
E-B=0. (3.3)



We now define the electric and magnetic fields associated with Ferreira’s solution by

Br = (Brg, Bry, Br.) = — (H23, H31, H12) ,
Ep = (Epg, Epy, Er:) = (Ho, Hoz, Hos) - (3.4)

From the definition (1.4), we obtain e#**?9, H,3 = 0 which is equivalent to

0B
V- Bp =0, a—:+VxEF:0. (3.5)
The definition (1.4) also yields
Erp-Brp =0. (3.6)
The field equation (1.7) yields the constraints
Y 0P
L i..VY =0 L. VD=0 3.7
prgp TIF . PRy T IE , (3.7)
where pr and jp are defined by
OFE
V-Ep=pp, VxBp——L=jp (3.8)

ot
Regarding (3.5) and (3.8) as the Maxwell equations, pp and jp can be interpreted as
the electric charge and current densities, respectively. The definition (3.8) ensures the
continuity relation

Opr .
— +V.jgr=0. 3.9
5 TV ir (3.9)
From the constraint (3.7), we obtain
Ep-jr =0, (3.10)

which guarantees that e defined by
1

er == /// dzdydz (E% + B}) (3.11)

is conserved. In [7], it was shown that there exist infinite number of conserved quantities
in the CNLSM and how to construct them. We also find

BF]F:BF(VXBF)—EF(VXEF), (312)

each term on its r.h.s. being of the Chern-Simons type. Hence the integral of B - jF is
invariant under a wide class of gauge transformations.
The components of Br and Ep are calculated as

C
By = — [yLmi — 22(1 — s*)my + 2tyzms]

p*A
C 2
Bp, = _,04—A [mLml +yz(1 — s )me + 2tﬂ:zm3] ,
C 2 2\2 4 2 2
Br. = “3,h (7 = 2%)% = p* +2(¢7 + 2°) + 1] mo,
L=1+t>+7% (3.13)



and

C
Pre = A [2twzmy — ty(1+ s*)ma + x(1 + s° + 22%)mg]

C
Ep, = ~ A [2tyzmy + ta(1 + s%)ma + y(1 + 8% + 22%)mg] |,
2C
EF,,Z = —p2A (tm1 + Zm3) ma, (314)

where C'is a constant. In the case that g satisfies the boundary conditions g(0) = 1, g(c0) =

2, 2 2
0, it is fixed as C' = %,w: @

1—w

It is tedious but straightforward to obtain pr and jr = (jr, jFy, jF-). They are given by

4A2
<—p20 > pr = Lmz(Y?m3 —m?) + 2tzmy [(Y + 1)*m3 — m3)] (3.15)

P4A2 2
<— e ) JFz =Y (txms 4+ ymg)moms

+ (Y + 1)2(xzm2 —ymi)mimg — x(tmy + zmsz)mims,

prA? 2
<— 10 )jgy =Y*(tyma — xms)maoms

+ (Y + 1)%(zmq + yzma)mima — y(tmy + zmz)mims,

4A2
(_,0 ) JF.z :4tzm3(Y2m% — m%)

C

+ [4p2Y +1-— 84] (Y +1)%m2 — m2]m,. (3.16)
Up to now, we have presented discussions for general m, mo and ms3. We now consider
the simplest nontrivial case (m; = mg = 1,m3 = 0). We set the boundary condition

9(0) =1 and g(co) = 0. For this F-Hopfion, the Hopf index is equal to 1 and we have
1Brl = St IEE (317

= a e |

2]t|
Ep|l|l= ———+ 3.18
H FH p2(Y+1)3/27 ( )
1+42p%) (Y +1) + t2

B+ B = : 3.19

In figure 1-3, we show the time-development of ||Bpl||, ||Er|| and B% + E% on the
plane z = 1.

We find that these quantities are concentrated on a circle \/x? + y?=f(¢) with f(¢) an
increasing function of t.

The electric current density becomes
ez -y) o Az tyz) —2(1+ 22+ - p?)

_ — S\t I — 3.20
AV F12 T e T T Ay (3:20)

jF,J:



0.006

1B

0.01

. (T
| il

I

I

X 110

I

Figure 2. Behavior of ||Er|| on the plane z = 1.

(a) t=3 (b) t=4 (c) t=5

Figure 3. Behavior of B% + E% on the plane z = 1.

and hence
2V L2 — At (3.21)
PIVESIEN |
In figure 4, we show the time-development of ||jr||. We find a behavior similar to
those of ||Br||, ||Er|| and B% + E%.
The electric charge density pp becomes
B -4tz —64tz
A AL (12— r2)2 a2
In figure 5, we show the time-development of pr on the plane z = 1.
On the other hand, defining ¢ by

£= %/// dzdydz (E® + B?), (3.23)

lirll =

pF (3.22)
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Figure 5. Behavior of pr on the plane z = 1.

and observing

64 (1+ 12+ 72 + 2ty)°

E?*=B%=
[t4 = 22(r2 — 1) + (r2 + 1)

(3.24)



we obtain

1
Ep = 55 = 471'2 (325)
from (3.11), (3.19). This result is expected from the observation
B3 =B>=FE? Ep=0 at t=0. (3.26)
At t =0, pr vanishes and jp satisfies the relation
. 8Br
= . 3.27
Jr r2 +1 ( )
||77|| simplifies to the spherically symmetric configuration % The net current de-
fined by
Jr = /// dxdydzjp (3.28)
. s s . . 872
is non-vanishing and is given by (0, 0, —%)

4 Summary

We have seen that Ferreira’s solution of CNLSM defined by (1) gives rize the electromag-
netic fields Er and B for the charge density pr and the current density jr satisfying the
constraints (3.7). We have investigated some of their properties. We have shown that we
can construct exact solutions of the CNLSM from the examples considered in the theory
of electromagnetic knots. We finally note that the fields By and Er are described by a
simple 4-potential [7]

1
Apy = 5 1(9(Y) = 1)(m19,€ +m30,C) + mag(Y) 0] (4.1)
while the 4-potential A, realising Br and Ef is somewhat complicated [6]. The knot
structure of Bp is inherited by the Hopf index associated with u. On the other hand,
the knot structures of B and E are inherited by the Hopf indices associated with 7, and

e, respectively.
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